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imple alternative algsbras
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In the-szsction wa extend the Bruck-RKleinfeld-Ekornyakov

Theorem to arbitrary simple algebras. The fact that we are

no longer in a division algebra forces us to medify slightly

the asproach of the previous seciion

The first order of busin=ass is to prove that in & simple

not-associative algebre A Lhe nucleus N and center C coincide.

The proof of the Nucleus = Center Theorem rs=g

uired cancellation,

so we Wwill give a different {(and more general) proot.

2.1 (Prime Hucleus Theorem). Tf & is a prime alternative algebra

either A is associativa, H( A ) =

—

’ center coincide, ®B( L ) = C[ & ),

F

or the nuclsasus and

tEF o =
'| el e e
i Proof. Assume N{ & ) £ O 2 ) g0 M dosesn't commubsa with
— 3 I [t
evarythning: | A ,N] # 0. We will show A is assceciative,
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Ihere are vertain general conditions under which an algebra
necessarLly nas a nuclaus, Using the Pourth Power Theorem as
a4 source oI nuclear elements, ws have

=Tt o,
e

@
3 (Huclesr =xistence Propesition) If A # 0 is a strongly semi-

prime zlternative algebra then its nucleus is nonzero, N(A) 7 0.

e
r by 3 i o - -
= — aebi pra gl F L8R ety
1
11 ] + 1 . Erey o
H Fte a g i =1y e st i i g A F o
K £ty ey Lt ST LS e s PR 22 o= e & E2i s
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How lot = be any element with 2° = 0 and let a,n be arbi-
: Coioe sar ; : 2
trary 1n &, We have U b = U b (if 2”7 = ()

- ZaE zla,z]

U? I.I‘_ =1 b (Right E‘Uﬂfiam&mtal] B {Z[&;Z]‘hl’.} [a,z]
s [ B

(Middle Moufang) = {z[a,z]s [b,z]} [a,2] las zla;2]v2b = zaz-zh

2, i | ’
= z{alz"h)} = 0 by Left Moufang) = z{la,z][b;z]]afz]: (Right

1 ¥4

P r o g i 1w w -
Moufang) = ~z{lb,z]la,z1la,z]} = 0 by the vanishing of sguares
" ®n 2 . . : o
e commutators [a,z2]1” = [a,z]le][a +2]1 = 0. Thus =zaz is travial,
S0 zaz = 0 by hypolhesis whenever g7 = 0; but then 2z is trivial,
: 2
€0 2 = I whenever z° = [,
This implics & contains no nilpolent clements, 1n particular,
[%v] " = 0 implies 2ll commubetors [x¥]1 = 0. Thus A _is commul-

St ey Craase, f 3 |'I‘r_-- :)

ative wilhout nilpotent elemenls, hence associative (by EII. 4.1)F |58

Soaca
The ®leinfeld Strong Semipripmeness Theorem says a semiprime

alashra on which 3 is injective & Surjective is necessarily

2.2 . : :
Frgd,  (Thoorem) . A nonszero seniprime algebra on which 3 is injec-

tive or surjective has a nonzero nucleus, E3
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Woe now are set 1o prayes

(Kleinfeld's Simple The orem] A simple alternative algebra 1=

3.7}

Fa
+

ther associative or a Cayl ey algsbra cver its center,

i r 'l
[ z_:_.l;.:_-:'n...f_ A.-.-’r l,.'_-"__'_,,.-'

Pracl. We moy rocard the gimple algesbra & gs;an al Unbr“
i3 o i

Over 1ts eentroid T (which is a [ield cenlbaining the center

Caof n , and coirciding with it if © # 0). Z2ince any scalar

i __',JI_- .L,EJ:., :f bk, :"-;lf' S P Y .--...;_] .

CHienslion ﬁﬁ = A @l.ﬂ remains sivpleY, and since L= Aq ixs
W bl

associative or Cayley then A was Lo begin with, 1t suffices

to prove the result for ﬂﬁ - Taking an infinite 0 {in case

L s o il i q,,uf ; --L_:_;if!lh
I' was finite), Wo may assunme -dé"ﬁrr:fm'T ods-—=infinite.
This will allow us o make use af the Zarigxi topology on A .
Assume throughoul that 2 is pot associative. Te show sugh
an A is Cayley, we begin as im the last seclbion Erom Hall's
ldentity
2
{2.5) BX” — Bx +y = 0
5= .‘12 L5 S F [ 2 4 . »
(= [Xr_'f_l PR = [}- U] I-Kr .-Iz-" = O lEeY ] for 3 ‘E’X-}'
" . " s i ; , R N,
Since A is no longer a divisicn algebra we do not know z° & N
for all commulators z = [#y¥]+ S0 w2 have no guarantes .6y
lie in 1 . sl SETTEED msTEan 0F  Hlsses
e it T
Howewvoer, we claim [Edtti_g ~ I=. v}.ls lﬂfEllelEJLPPﬂ W T
s e f
3 2 : = ;
do have ¢ = 2™, R = zaz"', ¥ o= gt lying in T for arbitrary

g = e BRI Tndasd, linearizing ¥ - y + iv' in (1,2) yields
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SO pased (

Al

zlaez' ya;b] + Ellzzrﬁl;h] =0

(W]

5
zle'",a,8] + z'[zez',a.b] = 0
for any a,b. If z is inveriible we can cancel it from the

et [z ,a,b! = 0 for all a,b; the second

ralation then hecomszs z[ze

2
l
-

Ll = 0, and.ws can again can-—
el v to goet [wes',a8,b] = 0; Lhe third relation Lhen reducss
to ZIEIErﬂrﬁl = 0, whance [z'Z,a,b] = D by cancellaiion.

-2 5
Consequently [z7 ,a,b] = [z:z2',5,b] = [2'¢,3,b] =0 For all

a,l and 32,252 ,2'2 lie in H. Since A ig prime and by hypobli=-
esis not asscuiative, the Prime Nucleus Thaorem ASsSures us
N =10, zo that «,f,y lic in T (and o is invertible since
o= u ).

So Zar we know x will satisfy an equaticn of densree 2 over
I' a3 socn as gsoile 2 = [x,v] 1s invertihle. Furthermore, =since

z@ £ N = C by ths Fourth Power Thzorem,and ¢ C T is = field,
£ Will ba invertible as soon ag z4 # 0,

Thus x will satisfy a nontrivial guadratic equalion if we
can Jjusht find a v such Lhat [x,yjd # 0. Since A is not a di-
vision algshra thers is no rzason te expect very many such pairs
¥,¥. The amzzing thing is that if we can find one such pair
X 0¥, Ve Will be dqne! Recall that we ﬁre trying to prove every

¥ 15 guadratic, Beilng guadratic just means x y XL are linearly

. ; ? . ;
depondent over T, fe. 1AxA®" = 0 in {he exterior zlgehra



. B e 2 o :
AL A) over T. BPut F(x) = 1AXAx" defincs a polynomial
map from & into f\( A )} Further, by our remarks ahovs

F{x} = 0 whenovar fx,yu]4 7 0. But then F vanishes on the set

N . fud . . ; ;
x for which G(x) = [XIEUJ # 07 this set iz Zariski-open

of

sinve it is defined by a polynomizl eguation, and it is neon-
empty asinces GExDJ 7 0 by choice of X 0¥, + 50 beocouss we mads
Sure Wwo wave working over an infinite field I' wa can conclide
the sct is Zariski-dense, Lf tho colynamial map F wenishss on
& 7ariski-dense sot il wanishes everywhe e, and all % are oguad-
ratic,

At this skage we have cstablished that iT we can find a

L d

single pair R ¥ g for which [=x v |~ O we will know all clo-—

.

ments are gquadrdtic. How-sonl-dzes e T V- T 4




By now wa know each x satisfies a nontrivial equation

over I of degree 2; gince | is inZinite we conclude A io

degres 2 over I' (see¥II. 1.6). A is cartainly semiprime,

50 as in the last seclion the Eguivalence and CosEATETER

Algebra Theorems show it must be Cayley, 3
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Remark. A2 alternate proof would not seek to prove that all

elenents x are quadratic, only that there exists at least one
x which is sgeparable quadratic. For if such an elemant existls
we can apply hlbert's More Genzral Theorem to deduce A is

aszociatlive or Cavley. As bafore x will he ‘gnadratie,

B L4 g
Gy + Bx 4+ ¥ =0 for &8,y €T ; ag sean as [x.y] # 0. We

z

went a separable sguabkion, 7 - doy # 0, ie. Lha discriminanl

ol

S o= { [yl Imyent] 70 4Lx;yjzlx,yxj£ # 0. The only way we conld

fail to find ¢ separcble guadratic elemenl is that for each

. 3 ) 4 =
*,y eithaer [x,¥y] =0 0or ¢ = G!-
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AP ) ERUTEY Problem Sel on Reazsonable Elements

Those who don't belisve in the Bariski topology may give

g "conatruckive® wroof. Jay

Sl ; 3 ] " ; ! :
[%,%]1° £ 0, and saw w15 reasonghle 1f thers is a ¥ such that
¥ b Leasongaol ;
¥,¥ L5 & reazconazhlie pair, Assume that 2 1ig an altornative
alyebra over a Fi=12 & with more bhan 5 elements, ]¢]} o .

Show that if x,v  is roascnable and v arbitrary, there are

at least twe values of A€ ¢ for which x,¥ + Av_ is reasonable.

L]

From now on assums ¥,¥ reasconable :%r[x,y] g 8l
; o . ; i 2 ) auis
show that if » is reagsonable then all [x,2] and [x,z)s[x,w]

lie in 1.

Show all rcasorable x are quadratics.

Show thalt if X ¥, 1s reaszonabls then any x satisfies relations

L

2 2 - .
X = wml + Bx +.qu and ®x7 = 4l + cx + VY, e

; 2 . o 2 .
Show in all casss w is dquadratic, =% & §1 + a3,

Prove the Theorem . If7 7 is an ellernative algebra over a

field ¢ witk more fhan 5 elements such thal

(i} Lhere ecxists at least ene reasonable pair Xt ¥
- - ; X 2
(ii) =,y reascnzble implies [x,v]% & 31

then 2 iz degres 2 over & .
Deduce that all simole not-associative algebras which contain

k " - ki i) ; Gk i ,r'-_.‘. o .-_,"I T ol IR
reasonable pairs are degree 2. Avece  ass AR AR ¥

£ b

o
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Ir 2= #ATLLE Problem Set on Primitive Algebras

mn assoglative algebra is primitive if it has a faithful

. i & & . T - ] [ ] g PL
irrsduciols representation ¢ on M, in which case M = /B under

¥ 2 =am [or B = Ker ¢ a maximal modular left ideal which

contalns ne nonszero two-sideod ideal.
DlThough the module definition does not go over, bhe ideal
dzfinition can be carried over Lo alternative glgebras: an al=-

Ygehra A is (left) primiltive if it contains a laft
S L LL LN &, L

r
[IH
|

.
1l
i
I.J
<
]
(M

primitiviity ideal (a maximal modular left ideal B with kernel
s — o — P BT

i

(B} = L{a,B) = (¢: sece 21, o

ri _ fies _
e ERB] = Gpshow B = 0 if BAC B and &8 = B = 0 if

"

i i i
A~ &3 = 0{(3, A

o S ¥ SR
hat For any prime (resp. seniprime) nonassosiative al-
cebra R with A" ¥ 0, the ecenter C(A) and centroid I'(A) eonbain
no zere divisors (resp. nilpotent clemenls).
Snow [x,y,A] = 0 in an alternative algcbra implies Ix,v] & N(n)

"
ard [x,yl=z € N(A). If |=,v], [x,v]x € C(A) show [%:%]° = Q.

C(A)

Conclude thac if A 1s an alternative algsbra with N(A)
thcn {x,y,,é';‘;_[ = 0 implies [x,v] i= a nilpotent element of the
caentsr; if A is semiprime then [x,y] = 0.

Azssums WAl = C{a) and Li{a, 1) = 0 for 3*‘-’-12}"., Foogemiprins.,
Shaow I is commutative ([B,B] = 0}, then [BE,}-‘;,AJ = {, thsn

Z 2
B 15 mentrar [[BT A

wars)

= 0), then B = 0 Conclude that if A

15 semiprime with N(A) = (A} and B is a left idenl with

. gy 2
L{z,B}] = 0 then 3 is txrivial, B = 0.
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Zstzblish the Theorsm.

EELEE.

& has no

P

-_LL!hﬂnﬂ rezu,: LoﬁeLhL: tu

ot L’UL P

a Cayley algebra.

craner onoe=5idsd fdeals,

raturn to primitiviby,

-igtic 31 mu

“hn@ fha- 2 gﬂh;Ia?
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i L = 4
e g F it w] R, -""' S "- r 4 "". r’-"
sl Fe s i | ] HIFT L e spgdd A = R P -_, TPE -__ Fidh et e

st look soma-

IL A is simple but not associative it

then aC C 3 =F a € B, if B is maximal modalar,

T B is a left primitivity
= &  conclude that B = 0

ooer left ideals and has =

& unitc. Uonclude [hat if B is a lelt

Eince

o nii ewve

Thegran A

algehra,

o

T

g

=
-

then A 18 simple wilh unit

know 21l simple algehra

Eharacteristic 3), sho

itat this strengthens Slater

iz primitive rather than merely orime

2, show D

ideal for A
it B* = 0,
righl: unit

primitivity

ith unil:

w

o= 0 for an

2 alocehra is

then sither
in which case
; ce=duace 2 hasz

idagl fFor A

(they cannot

2rimitive algebra is either associative ar a Cayley

's Prime Theorsm when A

-
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24 #ALZZ<6 Problem Set on the Jacchson-Kleinfeld Radical
In fhe aszociative case the Jacohson radical can he
czfined cither in terms of quasi-inyer l..lbl__._t or in terms

For ‘r"‘ “-C"ﬁi I_,.-

of primitivity. In the sasocdiatiue case these two approaches
l2ad respectively to the Jacobson—-Smiley radical and the
Jocobzon—Flecinfeld sadical; iL s not clear Lhey coincide.

Delfing an ideal ¥ 4o be vrimitive in A i€ 2/ is primilive

2
Show ¥ iy primitive Iff E= L{L.B) Tér sone maximal mofular
lofit ideal B,
Conclude Lhe interscotion r}u of all wmaximal modular left ideals

B ocantains the inlesszcotion M K ol all primitive ideals X

b
"

O e

It = L{A,B) is primitive show

1
bri
L

i iz 2 maximal modalar le"t idesl

. I0 A is Cayiey show B = K and hencse X D rnFL

|_|
s
=
I
::_j
s
e

rimitive associative show rﬁE = ﬁ ;o conoluds ¥ :}fﬁ1:

o)
Ned |
o
]
i

Conelude thet [V XK contains (1 B.

. [ - . 3 o . " 2 ia
Thorosm Thz interssction of all mawinmal modular left idesls
coincides with the intarsechicn of all (left) primitive ideals

This intersecticon is called the Jd”ﬁb“@h"flﬁﬁﬂr:lﬂ radical

— —t = . ——

JE{R) of A, A is _em¢nzlmshuve oI JK SPWT melc if JE(A} = 0.

— —

Establish tha Theorem. An alternative algehra 2 is sceriprimitive
£ it is a subdirect sum of primitive associative algehras and

Cavley algebras over fields.



G,

8.

8.

10

29

} generales a proper left ideal C & A

o)
—
I

>

Show that

then € is contained in a maximal modular left idezl 3 which

excludes y. Conclude that if x G FIE then all elements v © T(x)
. _ <

have ths property that (1l - ¥] generates all of A ss laft ideal.

(IT y is

o = Pl
LT MR CB

tor soms=

quasi-invertible ‘then A(1 - v
o
vy & Iix), ben
¥y & I(=)}

ideal.

some maxima’l modular B owitk
show A(1l - ¥)

hhas the propsrty

= & already).

radnlus e miuow woE oo @

P

S B} conclude thal

that A(1 - v) gonerates

Bstablish the Theuqcﬂ bl = Fla 1fF A(L - ) qunarates A as lefi

;

Sy - - -
o= Gl rney  #he

_—

i K I,'K] ” \_i:'-r.-:- e L'I.-'.f_'_,-'_: ".i:..'

4 '
e v L

idzal For all B

J o T
L S -" = oo

Note that 6-8 go through in any ronaszociative algabra,

Theoren. The Jacahson-Kleinlald radicsl of an alternativea

elgebra conlkaines the Jacobson-Smiley radical,

JE(A) DD nad ().
Lt

Thoorem If A hay dco. on cuedrakis ideals then the Jacobson-

Elcinfeld and Jacobson-Smiley radicals coincide,

JE(A) = Rad(a).
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I

H

cary Hature of the

lﬂ1b ve (or JHE-3 ﬂﬂlﬁﬁmule}

subdirsct swe of Cavley alachras over fields and

4 .‘
P P TR St S

alygabras, Ceanekude JE(A) D Rad A.

snow thal 17 2 ig semiprimitive, so is anv idesal B
Conclude JK(3) T B Y JE(A).

Uza s Minim=l izl Itﬁcr&m_.;n-f show thai
d.c.c. on ideals then JE(A) = Rad A, and thers

B M JK{z) for B = 4

Facall that A 1is
F Tt e

if B —+ Awiere B is

.,-'.- L Y L

apied Yy

=1

ideals, Show Lhat

. s Y- =1 .= .
idsal in A , then 7 (1) = B is & proper modualar

4. Conclugde that if & iz JE-radical,; so is

IfT 1 4dg mosnlar lefs

m

image. Progper

an apinerphiszm with B D Ker F , zhow F{i) = L iz a
modulay lafl ideal in A,

If B =<3 A and ¢ is & lest B-idecal, show C& = Ok oal
B-ideal with P+[E ) £ C. If ¢ is a maximal modular

show Lt 2 lezt L-idsal.

extended to 2 maxinnl npodulars O Aowith E

A
any

can e

Conalude |hat 1£ & i I8 is ideal B

By ax

radical, z@o

(a} € JE(B}.

Trove the ghe;xgm The Jaccbhzon—-Eleinfeld radical
for all ideals B < A we havea

JE(B)Y = B Y I%(n) .

iff it is

it A

fore JEIB)

lef

lia

Show each maximal modular C

iz here

,I‘.'N ,I#I_r
LAfAL e

Jacohson-Kleinfeld Radical

|

primitive

B

JE~radical iff it has no proper medular left

propar modular lett

t ideal in

any homomorphic

E

A —rd

B

proper

e
Tt

M B =C.
=1 A, ond

2
ditary:



